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RIESZ MEANS ON HOMOGENEOUS TREES
EFFIE PAPAGEORGIOU
Abstract. Let T be a homogeneous tree. We prove that if f ∈
Lp(X), 1 ≤ p ≤ 2, then the Riesz means SzR (f) converge to f
almost everywhere as R→∞, whenever Re z > 0.
A homogeneous tree of degree Q+1, Q ≥ 2, is an infinite connected
graph T with no loops, in which every vertex is adjacent to Q + 1
other vertices. We shall identify T with its set of vertices. T carries
a natural distance d and a natural measure µ. Specifically, d(x, y) is
the number of edges of the shortest path joining x to y and µ is the
counting measure. For p ≥ 1, we denote by Lp(T) the Lebesgue space
with respect to µ.
Let us fix a base point x0 and set |x| = d(x, x0). Functions depending
only on |x| are called radial. If E(T) is a function space on T, we will
denote by E(T)# the subspace of radial elements in E(T).
Let G be the group of isometries of T and K the stabiliser of x0 in
G. The natural action of G on T allows us to identify T with G/K
[10]. We shall identify functions defined on T with right-K-invariant
functions on G and radial functions with K-bi-invariant functions on
G.
We normalize the Haar measure on G in such a way that K has a
unit mass. Then ∑
x∈T
f(x) =
∫
G
f(g)dg, f ∈ L1(T).
This allows us to define the convolution of two functions on T by
(1) (f1 ∗ f2)(g) =
∫
G
f1(h)f2(h
−1g)dh, g ∈ G.
In this short note, we deal with the Riesz means SzR, Re z > 0, R > 0,
on T, which are defined as convolution operators
SzRf = κ
z
R ∗ f,
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where κzR is the inverse spherical transform of the multiplier
(2) mzR(λ) =
(
1−
1− γ(λ)
R
)z
+
,
(see Section 1 for more details). We prove the following result.
Theorem 1. Let 1 ≤ p ≤ 2. If Re z > 0, then for f ∈ Lp(T),
(3) lim
R→+∞
SzRf(x) = f(x), a.e..
Let us recall that the Riesz means were first treated by E.M.Stein in
[13], where he proved that if f ∈ Lp ([0, 1]n), n ≥ 1, p ∈ (1, 2], then
(4) ‖SzR (f)− f‖p −→ 0, as R −→∞,
whenever Re z >
(
n−1
2
) (
2
p
− 1
)
. Since then, many authors have stud-
ied Riesz means in various geometric contexts, as euclidean spaces,
compact manifolds, Lie groups of polynomial volume growth, Riemann-
ian manifolds of nonnegative curvature, compact semisimple Lie groups
and noncompact symmetric spaces. See [1, 3, 2, 7, 8, 9, 11, 12, 13, 14, 9].
1. Preliminaries
In this section we present the tools we need for the proof of our
results. For details, see for example [5, 6]. LetM be the mean operator
(Mf)(x) =
1
Q + 1
∑
y∈T, d(x,y)=1
f(y).
Then, the Laplacian L on T is defined by
L = I −M.
The spherical function ϕλ of index λ ∈ C is the unique radial eigen-
function of the operator L, which is associated to the eigenvalue
(5) γ(λ) =
Qiλ +Q−iλ
Q
1
2 +Q−
1
2
=
2
Q
1
2 +Q−
1
2
cos(λ logQ),
and which is normalized by ϕλ(0) = 1. Set τ =
2pi
logQ
. Then,
(6) γ(λ) = γ(0) cos(
2pi
τ
λ).
Note that ϕλ is periodic with period τ .
The spherical Fourier transform of a radial function f on T is defined
by
(Hf)(λ) =
∑
x∈T
f(x)ϕλ(x) = f(0)+
∑
n≥1
(1+Q)Qn−1f(n)ϕλ(n), λ ∈ C.
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The following inversion formula holds:
(7) (H−1f)(x) =
∫ τ/2
−τ/2
f(λ)ϕλ(x)
dλ
|c(λ)|2
, x ∈ T,
where c is the meromorphic function
(8) c(z) =
1
Q1/2 +Q−1/2
Q1/2+iz −Q−1/2−iz
Qiz −Q−iz
, z ∈ C\(
τ
2
)Z.
We have the following Plancherel theorem [5]: the spherical Fourier
transform extends to an isometry of L2(T)# onto L2([−τ/2, τ/2], dλ
|c(λ)|2
)
and
(9) ‖f‖2 =
(∫ τ/2
−τ/2
(|Hf)(λ)|2
dλ
|c(λ)|2
)1/2
.
Note also that the spherical Fourier transform is written as a com-
position
H = F ◦ A
of the euclidean Fourier transform F and the Abel transform A [6].
Recall that the kernel κzR of the Riesz means operator is given by the
inverse spherical transform of the multiplier mzR:
κzR = (F ◦ A)
−1(mzR) = (A
−1 ◦ F−1)(mzR).
For that, we shall make use of the following inversion formulas, [6]:
(10) (F−1f)(n) =
1
τ
∫ τ/2
−τ/2
f(λ)Q−iλndλ =
1
pi
∫ pi
0
f(
τ
2pi
λ) cos(λn)dλ,
and
(11) (A−1f)(n) =
∞∑
k=0
Q−
n
2
−k{f(n+ 2k)− f(n+ 2k + 2)}.
2. Estimates of the kernel κzR
Lemma 2. If Re z > 0 and R ≥ 1− γ(0), then
|κzR(n)| ≤ cQ
−n/2.
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Proof. We have that κzR = H
−1(mzR) = (A
−1 ◦ F−1)(mzR). Then, using
(11), (10) and (2), we obtain the following explicit expression of κzR:
κzR(n) =
1
pi
∞∑
k=0
Q−
n
2
−k
∫ pi
0
(
1−
1− γ( τ
2pi
λ)
R
)z
+
sinλ sin(λ(n + 2k + 1))dλ
=
1
pi
Q−
n
2
∞∑
k=0
Q−k
∫ pi
0
(
1−
1− γ(0) cosλ
R
)z
+
sinλ sin(λ(n + 2k + 1))dλ,
(12)
for R ≥ 1− γ(0) > 0 when Q ≥ 2 from (5) . Thus,
(13) 1−
1− γ(0) cosλ
R
≤ 1.
So, from (12) we get that
|κRz (n)| ≤ cQ
−n
2
∞∑
k=0
Q−k ≤ cQ−
n
2 .

Lemma 3. For every q ≥ 2, κzR ∈ L
q(T).
Proof. We deal first with the case q > 2. Since the kernel κzR is radial,
then, as it is shown in [6, p.787],
‖κzR‖
q
q = |κ
z
R(0)|
q + (Q + 1)
∞∑
n=1
Qn−1|κzR(n)|
q.
The estimate of κzR of Lemma 2 implies that
‖κzR‖
q
q ≤ c+ c(Q+ 1)
∞∑
n=1
Qn−1Q−
n
2
q
≤ c+ c
Q+ 1
Q
∞∑
n=1
Q−
n
2
(q−2) < c,(14)
provided that q > 2.
For the case q = 2, we make use of the Plancherel formula
(15) ‖κzR‖
2
2 =
∫ τ/2
−τ/2
|mzR(λ)|
2 dλ
|c(λ)|2
.
But, as it is shown in [5, p.4276], for all λ ∈ [−τ/2, τ/2],
(16) |c(λ)|−2 =
4(Q+ 1)2 sin2(λ logQ)
(Q+ 1)2 sin2(λ logQ) + (Q− 1)2 cos2(λ logQ)
.
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It follows that
(17) |c(λ)|−2 ≤ 4.
Thus, by (15), (13) and (17) we have
‖κzR‖
2
2 =
∫ τ/2
−τ/2
|mzR(λ)|
2 dλ
|c(λ)|2
≤ 4
∫ τ/2
−τ/2
(
1−
1− γ(0) cos(2pi
τ
λ)
R
)2Re z
dλ
≤ c
∫ pi
−pi
dv < c.(18)

3. Proof of Theorem 1
For the proof of Theorem 1, we need to introduce the maximal func-
tion associated with Riesz means:
(19) Sz∗(f)(x) = sup
R≥1−γ(0)
|SzR(f)(x)|, f ∈ L
p(T), 1 ≤ p ≤ 2.
Proceeding as in [8], we have that
Lemma 4. If f ∈ L2(T) and z ∈ C with Re z > 0, then ‖Sz∗f‖2 ≤
c(z)‖f‖2.
As a consequence of Lemmata 2 and 3 and Young’s inequality, we
have that for fixed q ≥ 2 and Re z > 0, the operator f → |f | ∗κzR maps
Lp(T), p ∈ [1, q′], continuously to Lr(T), for every r ∈ [qp′/(p′− q),∞].
Moreover, the norm ‖SzR‖p→r is independent of R. Thus, it also holds
‖Sz∗‖p→r ≤ c. By Riesz-Thorin interpolation theorem, for every r ≥
pq/(2− p+ pq − q), there is c (z) > 0 such that for every f ∈ Lp(T),
‖Sz∗f‖r ≤ c(z)‖f‖p,
and Theorem 1 follows.
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